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Abstract. In this note, a non-commutative analogue of the fundamental theorem of
asset pricing in mathematical nance is proved.
In this note, we will prove a non-commutative analogue of the fundamental theorem of
asset pricing in mathematical nance. We refer the reader to Delbaen and Schachermayer
[DS1] for the history of this theorem (see also [DS3] for related topics). This theorem
holds true for very general (commutative) stochastic processes. For details see [DS2]. We
would like to point out that this theorem goes back to the seminal work of Harrison,
Kreps and Pliska ([HK], [HP] and [Kr]) and it is of central importance in the applications
of stochastic calculus to mathematical nance.
Throughout this note we shall denote by (A, τ) a W -non-commutative probability
space, namely, A is a nite von Neumann algebra, and τ is a faithful normal tracial state
on A. (See [Sa] for details on von Neumann algebras.) We shall denote by Lp(A, τ) or
simply Lp(A) the non-commutative Lp-spaces. Note that if p = 1, Lp(A) is just A itself
with the algebra norm; also recall that the norm in Lp(A) (1  p < 1) is dened as
kakp = τ [jajp]
1
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where jaj = (aa)1/2 is the usual absolute value of a. We shall assume that A is ltered, so
that there exists a family (At)t2R+ of unital weakly closed - subalgebras of A, such that
As  At for all s, t with s  t, and A0 = CI, I denoting the unit element in A. Since the
state τ is tracial, for any unital weakly closed -subalgebra B of A, there exists a unique
conditional expectation onto B. We shall denote by Eτ [.jB] this conditional expectation.
Recall that it extends to a contraction on all Lp-spaces for 1  p  1. A map t ! Mt
from [0, +1) to Lp(A, τ) will be called a martingale with respect to the ltration (At)t2R+
if for every s  t one has that Eτ [MtjAs] = Ms.
However, for a normal state σ on A the conditional expectation Eσ[.jB] onto B needs
generally exist (for details see [Ta]). Then we cannot dene a martingale under σ as above.
It seems to us that one need to generalize the denition of martingales in non-commutative
setting as following:
Given any fixed state σ on A. A family fMtgt0 in A is said to be a (non−commutative)
martingale with respect to (A, (A)t0, σ) if it is adapted to (A)t0 and for every 0  s  t,
σ(aMta) = σ(aMsa),
for all a 2 As.
Clearly, when σ is a normal tracial state the above denition coincides to the usual
denition of the non-commutative martingales. In the sequel we understand the non-
commutative martingales in this sense. We would like to point out that those martingales
in the above sense are suitable in the so-called quantum nance, for details see [C].
Together with (A, τ) we shall also consider the opposite algebra Aop, with the trace
τ op, namely τ = τ op as a linear map on A, but the notation is meant to stress the
algebra structure we are using. The spaces A and A⊗A have natural A−A bimodule
structures given by multiplication on the right and on the left, namely a.u.b = aub and
a.(u⊗v).b = au⊗vb, or equivalently they have a left A⊗Aop-module structure. We shall
denote by  these actions, namely one has (a⊗b)u = aub and (a⊗b)(u⊗v) = (au)⊗(vb).
The map τ ⊗ τ op denes a tracial state on the -algebra A⊗Aop, and we shall denote by
Lp(τ ⊗ τ op) the corresponding Lp- spaces, thus L1(τ ⊗ τ op) is the von Neumann algebra
tensor product of A and Aop.
A simple biprocess is a piecewise constant map t ! Ht from R+ into the algebraic
tensor product A⊗Aop, such that Ht = 0 for t large enough. It is called to be adapted





Aj,t ⊗ Bj,t (1)
such that there exist times 0 = t0  t1  ...  tm with Aj,t = Aj,tk , Bj,t = Bj,tk 2 Atk for
t 2 [tk, tk+1), Aj,t = Bj,t = 0 for all t  tm (in the sequel we shall always assume that the
decompositions we choose satisfy such properties).
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In the sequel we always assume that X = (Xt)t0 is a self-adjoint stochastic process
adapted to the ltered space (A, (A)t0), i.e., for every t  0, Xt 2 At and Xt = Xt.
Definition 1. Let H be a simple adapted biprocess, with a decomposition as above,
then the stochastic integral of H with respect to X = (Xt)t0 is
∫ 1
0
Hs  dXs =
m−1∑
k=0





Aj,tk(Xtk+1 −Xtk)Bj,tk . (2)
This is clearly independent of the decomposition chosen.
For a simple adapted biprocess H, and s < t, we shall denote H (s,t) the stopped simple
adapted biprocess given by H(s,t)r = Hr for s  r < t and H(s,t)r = 0 for r < s or r  t.
Then we dene ∫ t
s




We shall write (H X)t = ∫ t0 Hr  dXr.
Remark 1. The space of adapted simple biprocesses has an antilinear involution,
coming from the antilinear involution on A⊗A
(
∑
Aj ⊗ Bj) =
∑
Bj ⊗ Aj .
The adjoint of the stochastic integral is again a stochastic integral, namely with the








Definition 2. H denotes the set of simple quantum trading strategies for X = (Xt)t0.





j ⊗ aj ,
with aj 2 At, where αj are all real numbers.
Remark 2. Evidently,
∫1
0 Ht  dXt is self-adjoint provided H 2 H.
Lemma 1. Let H be in H and let σ be a state on A. If X = (Xt)t0 is a martingale
under σ, then t ! (H X)t is also a martingale under σ.
Proof. Let Ht = a










Hr  dXr = a(Xmin(max(t,t1),t2) −Xmax(min(s,t2),t1))a.
Since X = (Xt)t0 is a martingale, we get the result. The general case follows since linear
combinations of martingales are martingales.
Lemma 2. Let σ be a state on A. Then, X = (Xt)t0 is a martingale under σ if and
only if
σ[(H X)1] = 0,
for every H 2 H.
Proof. Suppose that X = (Xt)t0 is a martingale. By Lemma 1 one concludes that
σ[(H X)1] = σ[(H X)0] = 0,
for every H 2 H.
Conversely, let s  t and y 2 As. Set Hr = y ⊗ y1[s,t)(r). Then
(H X)1 = y(Xt −Xs)y,
and hence σ[y(Xt −Xs)y] = 0. The proof is complete.
We dene Ks the set of all self-adjoint elements of form (H  X)1, where H 2 H,
and Cs the convex cone of self-adjoint elements a in A with the property that a  b for
some b 2 Ks. We denote by C the closure of Cs with respect to the weak-star topology
σ(A,A) of A, where A is the predual space of A. It is well known that
A = L1(A, τ)
via the correspondence that
b ! τ [ab], b 2 L1(A, τ),
for each a 2 A.
Definition 3 (e.g., [Kr]). We say that X = (Xt)t0 satises the condition of no free
lunch (NFL) if
C \ A+ = f0g. (3)
Definition 4. A normal state σ on A is called a martingale state of X = (Xt)t0, if
X = (Xt)t0 is a martingale on (A, (A)t0, σ).
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We denote by Mf (X) the family of all such faithful normal states, and say that
X = (Xt)t0 satises the condition of the existence of a faithful martingale state (EMS)
if Mf (X) 6= ;.
As following is a non-commutative analogue of the fundamental theorem of asset
pricing in mathematical nance:
Theorem. A non-commutative self-adjoint stochastic process X = (Xt)t0 satisfies
the condition of no free lunch (NFL) if and only if the condition (EMS) of the existence
of a faithful martingale state is satisfied.
Proof. (EMS) =) (NFL): By Lemma 2 we have that σ(c)  0 for each σ 2 Mf (X) and
c 2 Cs, and this inequality also extends to the weak-star closure C. However, if (EMS)
would hold and (NFL) were violated, there would exist a σ 2 Mf (X) and c 2 C, c > 0,
whence σ(c) > 0 since σ is faithful, a contradiction.
(NFL) =) (EMS): We claim that, for xed a0 2 A, a0 > 0, there is b 2 L1(A) which
denes a positive linear functional τb on A via
τb(a) = τ [ab], a 2 A,
such that τb is less or equal to zero on C
, and τb(a0) > 0. To see this, apply the separation
theorem (e.g., [Sch, Theorem II.9.2]) to the σ(A,A)-closed convex set C and the compact
set fa0g to nd a b 2 L1(A) and α < β such that τb[c]  α for all c 2 C and τb(a0) > β.
Since 0 2 Cs we concludes that α  0. As C is a cone, we have that τb is zero or negative
on C and, in particular, nonnegative on A+. Noting that β > 0 we have proved the
claim.
Denote by B the set of all b 2 L1(A) so that τb is a positive linear functional on A
which is less or equal to zero on C. Clearly 0 2 B and hence B is nonempty.
Let S be the set of all supports s(τb) of τb, b 2 B. Note that S is a σ-lattice in the
usual order, as for a sequence bn 2 B, we may nd strictly positive scalars αn such that∑
n αnbn 2 B. Hence there is b0 2 B such that
s(τb0) = supfs(τb) : b 2 Bg.
We now claim that s(τb0) = 1, which readily shows that τb0 is faithful. Indeed, if
s(τb0) < 1, then we could apply the above claim to 1− s(τb0) to nd b1 2 B with
τ [b1(1− s(τb0))] > 0.
Hence, b0 + b1 would be an element of B whose support is bigger than s(τb0), a contradic-
tion.
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Normalize τb0 so that τb0 [1] = 1, we concludes from Lemma 2 that σ = τb0 is a
martingale state for X and thus, Mf (X) 6= ;. The proof is complete.
Remark 2. The exhaustion argument in the above proof goes back to Stricker [St] and
Yan [Y].
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